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Abstract
We study two kinds of orthogonal systems of polynomials over ﬁnite commutative rings
and get two fundamental results. Firstly, we obtain a necessary and sufﬁcient condition for a
system of polynomials (over a ﬁxed ﬁnite commutative ring R) to form a strong orthogonal
system. Secondly, for a pair (R, n) of a ﬁnite local ring R and an integer n> 1, we get an
easy criterion to check whether every weak permutation polynomial in n variables over R is
strong.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a ﬁnite commutative ring with identity. A polynomial in R[X] is called a
permutation polynomial if it induces a permutation of R. This notion has been gener-
alized to polynomials or polynomial systems in n > 1 variables in two different ways.
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See [7] for a comprehensive account of permutation polynomials and [8] for a survey.
The notion, regarded as weak permutation polynomial in this paper (also in [3]), is
called permutation polynomial in most references.
Deﬁnition. A map between two ﬁnite sets is said to be uniform if all ﬁbers have the
same sizes. Let f1, . . . , fk be polynomials in n variables. Then they are said to form a
weak orthogonal system over R if they induce a uniform map from Rn to Rk . They are
said to form a strong orthogonal system if there exist polynomials fk+1, . . . , fn such
that the n polynomials f1, . . . , fn induce a permutation of Rn. Specially, it is called a
weak permutation polynomial or strong permutation polynomial if k = 1. If f1, . . . , fn
induce a permutation of Rn, we call (f1, . . . , fn) a permutation polynomial vector.
It is easy to see that f1, . . . , fk form a weak orthogonal system over R if and only
if there exist functions (may not be polynomial) fk+1, . . . , fn such that f1, . . . , fn
induce a permutation of Rn. One has the following basic facts:
(1) A strong orthogonal system is weak.
(2) Every weak orthogonal system over a ﬁnite ﬁeld is strong (as every function
over a ﬁnite ﬁeld is a polynomial function).
Fact (2) was ﬁrst shown by Carlitz [2]. Frisch [3] characterized all R over which
every weak permutation polynomial is strong. Kaiser and Nöbauer [4] proved the special
case R = Z/mZ earlier. Since every ﬁnite commutative ring is a direct sum of several
ﬁnite local rings, we can consider only ﬁnite commutative local rings. From now on,
we make conventions without a special statement, as follows:
Let Fq denote a ﬁnite ﬁeld with q elements. Let R denote a ﬁnite commutative local
ring with maximum ideal M. Let r denote the least number such that there exist r
elements to generate M. Moreover, we will abbreviate a polynomial f (X1, . . . , Xn)
to f (X), and denote by f ′(X), the column vector of polynomials
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f
X1
f
X2
...
f
Xn
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
For any x ∈ Rn, f (x) and f ′(x) have the natural meaning. For any ideal I of R and
two elements a = (a1, . . . , an), b = (b1, . . . , bn) in Rn, we say a ≡ b (mod I) if
ai ≡ bi (mod I) for all i. For an element  in R or R[X1, . . . , Xn], we always denote
by , its reduction mod M.
Frisch’s result is, in nature, the following:
(3) If R is not a ﬁeld and n > r , then there exist a weak permutation polynomial in
R[X1, . . . , Xn] which is not strong.
In this paper, we will prove that for nr , all weak permutation polynomials
in R[X1, . . . , Xn] are strong. In some sense, it is easy to understand strong
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permutation polynomials since we have the following known result (see [5], slightly
different version):
(4) A polynomial f ∈ R[X1, . . . , Xn] is a strong permutation polynomial if and
only if the reduction of f is a strong (= weak) permutation polynomial over R/M and
f ′(x) ≡ 0 (mod M) for every x ∈ Rn.
Property (4) is a natural extension of a well-known theorem due to Nöbauer [9].
Much work is motivated by the generalization of Nöbauer’s theorem. We will extend
(4) to strong orthogonal systems. Now see the main theorem of this paper.
Theorem. Let R be a ﬁnite commutative local ring with maximum ideal M and r
denote the least number such that there exist r elements to generate M.
(i) Polynomials f1, . . . , fk in R[X1, . . . , Xn] form a strong orthogonal system over
R if and only if f1, . . . , fk form a weak orthogonal system over R/M and the
Jacobi matrix (f ′1(x), . . . , f ′k(x)) has rank k everywhere.
(ii) If nr , then every weak permutation polynomial in R[X1, . . . , Xn] is strong.
The special cases k = 1, n of (i) is known (see [5]). Lidl [6] proved the more
special case R = Z/mZ and k = n earlier. For a self-contained proof, we are not
going to use them. In general situation, it is much more difﬁcult to understand weak
permutation polynomials since for a polynomial f ∈ R[X1, . . . , Xn], its reduction
modM cannot decide whether f is a weak permutation polynomial over R. Consider
two polynomials Xp1 and W2 = Xp1 + pX2, which have the same reduction modulo
p, over Z/p2Z. Since xp ≡ p + 1 (mod p2) for any integer x, Xp1 is not a weak
permutation polynomial over Z/p2Z. But W2 is a weak permutation polynomial over
Z/p2Z. This example was ﬁrst considered by Sun and Wan [10]. Note that W2 is
the 2-th Witt polynomial, which induces a natural bijection between (Z/pZ)2 and
Z/p2Z. This property immediately yields that W2 is a weak permutation polynomial
over Z/p2Z. Other Witt polynomials have similar properties. Recently, we found some
interesting applications of Witt polynomials to polynomial functions and permutation
polynomials over Z/plZ. See, e.g. [11,12]. The example considered in [3] can be
regarded as a kind of generalized Witt polynomials.
2. Preliminary results
We need some lemmas.
Lemma 2.1. Let f0(x1, . . . , xn), f1(x1, . . . , xn), . . . , fn(x1, . . . , xn) be functions in n
variables over the ﬁnite ﬁeld Fq , then there exists a polynomial f ∈ Fq [X1, . . . , Xn],
such that for any x ∈ (Fq)n, the following equalities hold:
f (x) = f0(x),
f
Xi
(x) = fi(x), i = 1, . . . , n.
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Proof. Choose polynomials gi(X) in Fq [X1, . . . , Xn], i = 0, 1, . . . , n such that for
any x ∈ Fnq ,
fi(x) = gi(x), i = 1, . . . , n.
Construct a new polynomial
f (X) = gq0 (X) + (X1 − Xq1 )g1(X) + · · · + (Xn − Xqn)gn(X).
An easy calculation yields
f
Xi
= gi + (X1 − Xq1 )
g1
Xi
+ · · · + (Xn − Xqn) gnXi .
So f is what we need. This completes the proof of Lemma 2.1. 
Lemma 2.2. Let R be a local ring with the maximum ideal M, let f1, . . . , fn be
polynomials in n variables over R. Let 0 be an element of R satisfying the following
conditions:
I. (f1(0), . . . , fn(0)) ≡ (0, . . . , 0) (mod M);
II. the Jacobi matrix (f ′1(0), . . . , f ′n(0)) is invertible.
Then there exists a sequence i of R such that i ≡ 0 (mod M) and
(f1(i ), . . . , fn(i )) ≡ (0, . . . , 0) (mod Mi+1). (2.1)
Proof. We can construct the sequence by induction. Suppose we have deﬁne
0, . . . , i . Denote
Ak = (f ′1(k), . . . , f ′n(k)), k = 0, 1, . . . , i.
Condition II implies det A0 ∈ M. Since i ≡ 0 (mod M),
det Ai ≡ det A0 ≡ 0 (mod M).
This means that det Ai is a unit in R. So Ai is invertible. Thus, we can deﬁne
i+1 = i − (f1(i ), . . . , fn(i ))A−1i .
It is clear that
i+1 ≡ 0 (mod M).
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By Taylor’s expansion, we have
(f1(i+1), . . . , fn(i+1)) ≡ f (i ) − (f (i ))A−1i Ai (mod M2i+2),
where f (i ) denotes the vector (f1(i ), . . . , fn(i )), which satisﬁes (2.1). So
(f1(i+1), . . . , fn(i+1)) ≡ (0, . . . , 0) (mod Mi+2).
This completes the proof of Lemma 2.2. 
Lemma 2.3. Let I be an ideal of R. If Polynomials f1, . . . , fk ∈ R[X1, . . . , Xn] form
a weak orthogonal system over R, then their reductions f1 mod I, . . . , fk mod I form
a weak orthogonal system over R/I.
Proof. Observe that for a uniform map 1 between ﬁnite sets S1 and S2 and any map
2 from S2 to another ﬁnite set S3, 2 is uniform if and only if 2 ◦ 1 is. Let f denote
the map from Rn to Rk induced by f1, . . . , fk and let f mod I be the reducing map
from (R/I)n to (R/I)k . Then we have the commutative diagram
Rn
f−−−−→ Rk⏐⏐	
⏐⏐	
(R/I)n f mod I−−−−→ (R/I)k
This diagram together the preceding observation immediately yields that f mod I is
uniform. This completes the proof of Lemma 2.3. 
Lemma 2.4. Let R be a Noetherian local ring (may not be ﬁnite) with maximum ideal
M. Let x1, . . . , xn be elements in M. Then x1, . . . , xn generate M if and only if
x1 mod M2, . . . , xn mod M2 span the linear space M/M2 over R/M.
Proof. As a R-module, M/M2 is annihilated by M. So, in a canonical manner,
M/M2 becomes a R/M-module, i.e., a R/M-linear space. The necessity follows from
an immediate checking. The sufﬁciency is an easy application of Nakayama lemma. If
x1 mod M2, . . . , xn mod M2 span M/M2, then M = Rx1 +· · ·+Rxn +M2. Hence
M(M/N ) = M/N , where N denotes the module Rx1 + · · · + Rxn. By Nakayama
lemma, we see M = N . This completes the proof of Lemma 2.4. 
Remark. Lemma 2.4, with slightly different version, often appears in books of com-
mutative algebra (see e.g. [1, Proposition 2.8]).
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3. Proof of the Theorem
Proof of (i). We ﬁrst prove the sufﬁciency. For every x ∈ R/M, choose some column
vectors j (x), j = k + 1, . . . , n such that the matrix
(f ′1(x), . . . , f ′k(x), k+1(x), . . . , n(x))
is invertible. Extend f1, . . . , fk to form a permutation polynomial vector f1, . . . , fn
over R/M. By Lemma 2.1, one can ask the polynomials fk+1, . . . , fn to satisfy extra
conditions:
f ′j (x) = j (x), j = k + 1, . . . , n
for all x ∈ R/M. So the Jacobi matrix (f ′1(x), . . . , f ′n(x)) is invertible everywhere.
We can prove f1, . . . , fn form a permutation polynomial vector over R by proving that
they induce a surjection from Rn to Rn:
For any a ∈ Rn, there exists 0 ∈ R such that
(f1(0), . . . , fn(0)) − a ≡ (0, . . . , 0) (mod M).
Since (f ′1(0), . . . , f ′n(0)) ≡ (0, . . . , 0) (mod M), by Lemma 2.2, there exists a
sequence i of R such that
(f1(i ), . . . , fn(i )) − a ≡ (0, . . . , 0) (mod Mi+1). (3.1)
Since R is an Artin local ring, Ml = (0) for some l. Taking i = l − 1 in (3.1),
we have
(f1(l−1), . . . , fn(l−1)) = a.
So f1, . . . , fn induce a surjection from Rn to Rn. Thus, f1, . . . , fk form a strong
orthogonal system over R. At last we prove the necessity. If f1, . . . , fn form a permu-
tation polynomial vector, i.e., they induce a surjection from Rn to Rn. Naturally, they
induce a surjection from (R/Mi )n to (R/Mi )n. We have the following claims:
Claim 1. The f1, . . . , fk form a weak orthogonal system over R/M.
Claim 2.
(f1(), . . . , fn()) ≡ (f1(), . . . , fn()) (mod M2)
	⇒  ≡  (mod M2).
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Suppose there exists  ∈ Rn such that the rank of the matrix (f ′1(), . . . , f ′k()) is
less than k. We can ﬁnd an element t ∈ Rn such that
t ≡ (0, . . . , 0) (mod M) (3.2)
and
tf ′1() ≡ · · · ≡ tf ′n() ≡ 0 (mod M).
For any a ∈ M, by Taylor’s expansion, we have
fi( + at) ≡ fi() + atf ′i () ≡ fi() (mod M2).
This together with Claim 2 leads to
 + at ≡  (mod M2),
i.e.
at ≡ (0, . . . , 0) (mod M2).
Denote t = (t1, . . . , tn). By (3.2) we can see tj is a unit of R for some j. Since
atj ∈ M2, a ∈ M2. Hence M ⊂ M2. So
M = M2 = · · · = Ml = (0).
This contradicts the fact that R is not a ﬁeld. This contradiction yields that the Jacobi
matrix (f ′1(x), . . . , f ′k(x)) is of rank k everywhere. This completes the proof
of (i). 
Proof of (ii). Let f be a weak permutation polynomial in R[X1, . . . , Xn]. By Lemma
2.3, f is a permutation polynomial over R/M, a ﬁnite ﬁeld with q elements. It
remains to prove that f ′(x) is nonzero everywhere. Suppose, for a = (a1, . . . , an) ∈
Rn, f ′(a) ≡ 0 (mod M). Select arbitrary elements m1, . . . , mn in M. By Taylor’s
formula, we have
f (a1 + m1, . . . , an + mn) ≡ f (a) + fX1 (a)m1 + · · · +
f
Xn
(a)mn
≡ f (a) (mod M2).
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By Lemma 2.4, M/M2 is a R/M-linear space of dimension r. Hence it consists of
qr elements. The above congruence implies that
f (x) ≡ f (a) (mod M2) (3.3)
holds for at least qrn elements x mod M2. On the other hand, f mod M2 is also
a weak permutation polynomial (by Lemma 2.3). This implies that (3.3) has exactly
|R/M2|n−1 solutions. An easy calculation leads to a contradiction, which ﬁnishes the
ﬁnal proof:
|R/M2| = |R/M||M/M2| = qr+1,
|R/M2|n−1 = q(r+1)(n−1) = qrn+n−r−1 < qrn. 
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